
Appendix B

Quantum, chaotic and fractal types of
algorithmic convergence

The problems in this appendix complement the material discussed in the book. Section B.1 deals with the digit
sum, in particular with its generating and cumulative functions. It leads to an interesting fractal convergence
behavior featured in Figure B.1. Section B.2 discusses linear recurrences with non-fractal, chaotic convergence,
illustrated in Figures B.2 and B.3.

B.1 Digit count generating function and fractal convergence

Let Hk be the number of 1 in the binary expansion of the positive integer k, also called the hamming weight
of k. These weights are listed as the sequence A000120 in the online encyclopedia of integer sequences (OEIS),
see here. The Hamming weight normalized cumulative function is pictured in Figure B.1 and defined as

SH(n) =
1

n log2 n

n∑
k=0

Hk, n = 2, 3, 4, . . . (B.1)

Figure B.1: Hamming weights normalized cumulative function SH(n) with n ≤ 8× 106 on the X-axis

Clearly, SH(n) → 1
2 as n → ∞ with the peaks occurring when n is a power of 2. The curve is fractal-like:

the graph between two successive peaks is identical to that between the two previous peaks, but stretched
horizontally be a factor 2, and with minima increasing over time, thus causing some vertical compression as n
increases. See below the code for the computations and plot generation. The code is also on GitHub, here.
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1 import numpy as np
2 import matplotlib.pyplot as plt
3 import matplotlib as mpl
4

5 mpl.rcParams[’axes.linewidth’] = 0.5
6 plt.rcParams[’xtick.labelsize’] = 8
7 plt.rcParams[’ytick.labelsize’] = 8
8 plt.rcParams[’legend.fontsize’] = ’x-small’
9

10 def countSetBits(n):
11 # compute H(n)
12 count = 0
13 while(n):
14 count += n & 1
15 n >>= 1
16 return(count)
17

18 sum = 0
19 arr_k = []
20 arr_sum = []
21

22 for k in range(0,8000000):
23 d = countSetBits(k)
24 sum += d
25 arr_k.append(k)
26 if k < 2:
27 arr_sum.append(0)
28 else:
29 arr_sum.append(sum/(k*np.log2(k)))
30 if k % 10 == 0:
31 print("sss", k, d, sum)
32

33 plt.plot(arr_k, arr_sum, linewidth = 0.2)
34 plt.show()

Now I discuss some interesting properties related to the generating functions attached to Hn. It is easy to prove
that

Λn(λ, x) :=

n−1∏
k=0

(
1 + eλx2

k
)
=

2n−1∑
k=0

eλHkxk (B.2)

Thus Λn(0, x) = (1− x2
n

)/(1− x). By virtue of (B.2), we also have

Λn(λ, 1) =
(
1 + eλ

)n
=

n∑
k=0

(
n

k

)
ekλ =

2n−1∑
k=0

eλHk (B.3)

Now, taking the m-th derivative with respect to λ and then setting λ = 0, we obtain

2n−1∑
k=0

(
Hk

)m
=

n∑
k=0

(
n

k

)
km = 2nn!

m∑
k=0

S(m, k)

2k(n− k)!
, m = 0, 1, 2 . . . (B.4)

where S(· , ·) denotes the Stirling numbers of the second kind. The left identity in (B.4) follows from (B.3) and
is true even if m is not an integer. The expression on the right in (B.4) corresponds to the m-th moment of a
Bernoulli distribution of parameters (n, 1

2 ), multiplied by 2n.

The standard form of the Hamming weights generating function, identical to that of binary digit sums, is
studied in [34]. See also [37]. The main result is Theorem 1 in [34], stating that

∞∑
k=0

Hkx
k =

1

1− x

∞∑
m=0

x2
m − 2x2

m+1

+ x3·2
m

(1− x2m)(1− x2m+1)
. (B.5)

The “digit sum” entry in Wolfram also features beautiful results, see here. Among others:

∞∑
k=1

Hk

k(k + 1)
= log 2,

∞∑
k=1

(2k + 1)Hk

k2(k + 1)2
=
π2

9

∞∑
k=1

Hk +H ′
k

2k(2k + 1)
= γ,

∞∑
k=1

Hk −H ′
k

2k(2k + 1)
= log

4

π
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where γ is the Euler-Mascheroni constant and H ′
k is the number of 0 in the binary expansion of k.

The Hamming weights Hn can be computed with the recursion H2n = Hn, H2n+1 = Hn + 1 with H0 = 0.
A related sequence with many interesting properties is Stern’s diatomic series (An) with A0 = 0 and A1 = 1,
defined by the recursion A2n = An, A2n+1 = An +An+1. Finally, the integer sequence defined by Cn = 1

2Cn−1

if Cn−1 even, Cn = 3Cn−1+1 otherwise, is presumed to converge to 1 regardless of the initial condition C0 > 0.
This is known as the Collatz conjecture.

B.2 Other examples of chaotic convergence

For centuries, mathematicians worked on problems where the convergence is either smooth or does not happen.
Now the concept of chaotic convergence is mainstream, popularized by the stochastic gradient descent in deep
neural networks, central to LLMs. In this book, most cases also involve various types of chaotic convergence,
for instance in Figures 4.16, 5.1, 6.7, 6.8, and 6.11. In some examples such as Figure B.1, the chaos exhibits
a fractal structure. In other examples such as Figures 2.3, 2.7, 6.4, and 6.9, it looks like we have multiple
curves converging to a same limit, when in reality there is only one, with jumps from one level to another every
millisecond: this pattern is strikingly similar to quantum states. This section features more illustrations falling
in these various categories.

For examples of chaotic convergence in the context of explainable deep neural networks, see Figure 4.6 fea-
turing stochastic gradient descent, Figure 4.14 featuring swarm optimization, and Figure 4.2 featuring adaptive
loss function all in my book on no-Blackbox LLM architectures [21]. Yet another type is asymptotic periodicity
where xn converges to multiple values depending on the residue class of nmodulo some integer. See section 5.2.1.

B.2.1 Smooth convergence but with multiple branches

The first example deals with the recursion xn+3 = 2xn+2− 16xn+1+4xn with initial conditions x0 = 0, x1 = 1,
and x2 = 1. We are interested in the limit

ρ := lim
n→∞

∣∣xn∣∣1/n (B.6)

if it exists. It does in this example. To compute it, proceed as follows:

� Find the roots of the characteristic polynomial, in this case the cubic equation x3 = 2x2 − 16x+ 4.

� Identify the root with the largest norm. Here we have two complex conjugate roots with the same norm,
and one real root. The complex roots have the largest norm.

� Then ρ is the square root of the norm in question. More specifically,

ρ =

√
12ω

2ω − ω2 + 44
, with ω =

3

√
82 + 6

√
2553 (B.7)

First, I used AI to find ρ. The LLMs that I tested correctly identify r ≈ 0.2572 as the real root of the cubic
equation, and ρ ≈ 3.9436 as the solution. Perplexity even mentioned that ρ = 2 ||r||−1/2, which is correct. But
they all failed when providing the exact values for the roots, thus the exact value for ρ was also incorrect. To
be fair, I used the free version of these tools. Then, I used the solve function from the SymPy Python library.
It is based on symbolic mathematics to find exact solutions. That’s how I obtained (B.7).

The most interesting part is how ρn = |xn|1/n converges to ρ as n → ∞, see Figure B.2 where ρn on
the Y-axis has a different color depending on n mod 7, with n on the X-axis. We jump from one branch to
another each time n is incremented, yet eventually ρn converges to n. The associated Python code is listed in
section B.2.2.

B.2.2 Chaotic convergence with multiple branches

I now discuss the case xn+2 = |xn+1 − 3xn| with initial conditions x0 = 1 and x1 = 1. Again, we are interested
in the same limit ρ defined by (B.6). At first glance, this case seems easier as the characteristic polynomial is
now of degree 2 instead of 3. However, the absolute value in the recursion makes it different with a dramatic
shift in behavior as seen in Figure B.3, by contrast to Figure B.2. Both plots show |xn|1/n on the Y-axis with
n on the X-axis.

It is reminiscent of the problem about random Fibonacci sequences discussed in section 7.4 in [21]. In
that example, the equivalent of the ratio rn = xn+1/xn asymptotically oscillates between 5 different values.
Taking the geometric mean of these values yields the correct, exact value for ρ. However the situation is a lot
more complicated here. Even though empirical evidence points to the limit ρ ≈ 1.58010, it is not obvious to
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prove convergence, let alone putting an exact value on ρ. Interestingly, some LLMs erroneously believe that the
answer is ρ =

√
3.

Figure B.2: Constant jumps in |xn|1/n gives the illu-
sion of 7 curves but there is only one (section B.2.1).

Figure B.3: 4-colors quantum regime similar to that
of Figure B.2 but now with chaos (section B.2.2).

Figure B.4: Empirical PDF for log |xn+1/xn|,
case featured in Figure B.2

Figure B.5: Empirical PDF for log |xn+1/xn|,
case featured in Figure B.3

Figure B.6: Autocorrel function for log |xn+1/xn|,
case featured in Figure B.2

Figure B.7: Autocorrel function for log |xn+1/xn|,
case featured in Figure B.3

The curve ρn = |xn|1/n has 4 chaotic bands. For a specific n, the band that ρn belongs to depends on n mod 4.
The green and red bands are interlaced but distinct. The yellow and pink bands are somewhat more separated.
This is further confirmed when looking at the empirical autocorrelation function pictured in Figure B.7, showing
the correlation between the sequences log |xn+1/xn| and log |xn+k+1/xn+k| for 0 ≤ k < 200. A cycle of length 4
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is clearly visible. By contrast, the case studied in section B.2.1 has a cycle of length 7, as pictured in Figure B.6,
which also explains the 7 branches in Figure B.2.

Finally, I looked at the empirical probability density function (EPDF in Python), computed on the first 105

values of log |xn+1/xn|, skipping the first 10,000 ones. Not surprisingly, the EPDF is smooth and classic for the
case featured in Figure B.2, but bumpy with 4 main peaks and a deep valley for the example discussed here.
You can see the contrast by comparing Figures B.4 and B.5 respectively. To conclude, the dark upper boundary
in Figure B.3 looks like a Brownian motion to the layman, but it is in fact very different. Ours converges (the
variance tends to zero as n increases) while the variance of a Brownian motion keeps growing. However, this is a
small issue: rescaling would easily fix it. The main difference is that our curve is significantly more chaotic, and
thus suitable as a model when increased chaos is needed. Metrics measuring the amount of chaos are discussed
in section 2.3 in my book on chaotic dynamical systems [14].

Below is the Python code used to do the analyses and producing the plots in sections B.2.1 and B.2.2. The
code is also on GitHub, here. The mode parameter allows you to choose between the recursion in section B.2.1
and that in section B.2.2.

1 import numpy as np
2 import gmpy2
3 import matplotlib.pyplot as plt
4 import matplotlib as mpl
5

6 mpl.rcParams[’axes.linewidth’] = 0.5
7 plt.rcParams[’xtick.labelsize’] = 8
8 plt.rcParams[’ytick.labelsize’] = 8
9 plt.rcParams[’legend.fontsize’] = ’x-small’

10

11 kmax = 3000
12 ctx = gmpy2.get_context()
13 ctx.precision = kmax
14 ndigits = ctx.precision
15 z = gmpy2.log(2)
16

17 N = 50000
18 mode = ’quantum’ # options: ’quantum’ or ’chaotic’
19

20 x0 = gmpy2.mpfr(0)
21 x1 = gmpy2.mpfr(1)
22 x2 = gmpy2.mpfr(1)
23 arr_k = []
24 arr_x = []
25 arr_col = []
26 arr_log_rho = []
27

28 def set_color(k, mode):
29

30 if mode == ’quantum’:
31 if k % 7 == 0:
32 color=’red’
33 elif k % 7 == 1:
34 color=’blue’
35 elif k % 7 == 2:
36 color=’green’
37 elif k % 7 == 3:
38 color=’gold’
39 elif k % 7 == 4:
40 color=’orange’
41 elif k % 7 == 5:
42 color=’magenta’
43 elif k % 7 == 6:
44 color=’gray’
45

46 elif mode == ’chaotic’:
47 if k % 4 == 0:
48 color = ’red’
49 elif k % 4 == 1:
50 color = ’gold’
51 elif k % 4 == 2:
52 color = ’green’
53 elif k % 4 == 3:
54 color = ’magenta’
55 else:
56 color = ’gray’
57 else:
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58 print("Unsuported mode:", mode)
59 exit()
60 return(color)
61

62

63 #--- Main
64

65 for k in range(2,N):
66 color = set_color(k, mode)
67 if mode == ’quantum’:
68 x = 2*x2 - 16*x1 + 4*x0
69 elif mode == ’chaotic’:
70 x = abs(x2 - 3*x1)
71 v = gmpy2.log(abs(x))/k
72 w = gmpy2.exp(v)
73 log_rho = np.log(abs(float(x/x2)))
74 if k % 1 == 0 and k > N/10:
75 print("%6d log_rho: %8.5f" % (k, log_rho))
76 arr_k.append(k)
77 arr_x.append(w)
78 arr_col.append(color)
79 arr_log_rho.append(log_rho)
80 x0 = x1
81 x1 = x2
82 x2 = x
83

84 plt.scatter(arr_k, arr_x, c=arr_col, s=0.02)
85 plt.show()
86

87

88 #--- Plot EPDFs
89

90 np_log_rho = np.array(arr_log_rho)
91 import seaborn as sns
92 plt.figure(figsize=(8, 5))
93 ##sns.ecdfplot(np_rho)
94 sns.kdeplot(data=np_log_rho, fill=True)
95 plt.grid(True)
96 plt.show()
97

98 meanlog = np.mean(np_log_rho)
99 mean = np.exp(meanlog)

100 print("\nRho:", mean)
101 print()
102

103

104 #--- Compute autocorrels for log(x/x2)
105

106 nobs = len(np_log_rho)
107 arr_lag = []
108 arr_autocorrel = []
109

110 for lag in range(200):
111 mean1 = np.mean(np_log_rho[0: nobs-lag])
112 mean2 = np.mean(np_log_rho[lag:nobs])
113 std1 = np.std(np_log_rho[0: nobs-lag])
114 std2 = np.std(np_log_rho[lag:nobs])
115 dotprod = np.dot(np_log_rho[0: nobs-lag], np_log_rho[lag:nobs])
116 dotprod /= (nobs-lag)
117 autocorrel = (dotprod - mean1*mean2)/(std1*std2)
118 arr_lag.append(lag)
119 arr_autocorrel.append(autocorrel)
120 print("Autcorrel lag %3d: %8.5f" %(lag, autocorrel))
121

122 plt.plot(arr_lag, arr_autocorrel, linewidth = 0.5)
123 plt.show()
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