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1 Randomness and reproducibility: two key components

Modern GenAl apps rely on billions if not trillions of pseudo-random numbers. You find them in the construction
of latent variables in nearly all deep neural networks and almost all applications: computer vision, synthetization,
and LLMs. This component is overlooked. It is assumed that Python random functions do a good job, and
very few seem to care about reproducibility, though customers do. Incidentally, all my GenAl apps described
in my book [2] are fully reproducible, even those based on GANs (generative adversarial networks).

When producing so many random numbers or for strong encryption, you need top grade generators. The
most popular one — adopted by Numpy and other libraries — is the Mersenne Twister [Wiki], and advertised as
not fit for cryptography. It is known for its flaws: see chapter 4 in my book about chaos [1].

This paper has its origins in the development of a new framework to prove the conjectured randomness of
the digits of infinitely many simple math constants, such as e'486/3331 op 1/491/3127. By randomness, I mean
that if you don’t know the name of the constant in question, you can not predict the next digit no matter how
many past digits you collected, even if you collected more than there are atoms in the universe. In short, for
all purposes, the sequence can not be distinguished — statistically speaking — from true random numbers. Note
that in practical application, you use millions of such constants, typically using a few millions digits from each
one, starting at arbitrary locations. The procedure is described in chapter 4 in [1].

The remaining focuses on three main areas. First, how to efficiently compute the digits of the mathematical
constants in question to use them at scale. Then, some methodology to compare two types of random numbers:
those generated by Python, versus those from the irrational numbers investigated here. Finally, proposing a new
type of random digit sequence based on an incredibly simple formula leading to fast computations.

One of the benefits of my proposed random bit sequences, besides stronger randomness (infinite period) and
fast implementation at scale, is to not rely on external libraries that may change over time. These libraries may
change and render your results non-replicable in the long term if (say) Numpy decides to modify the internal
parameters of its random generator.

Also, if your generated data is more random than the numbers used for testing its randomness, it will lead
to false positives, flagging your experiment as not well randomized when actually the issue if with the test. In
this article, I explain how to deal with this. Some of my tests involve predicting the value of a string given the
values of previous strings in a sequence, a topic at the core of many large language models (LLMs).

Methods based on neural networks — mines being an exception — are notorious for hiding the seeds used in
the various random generators involved. It leads to non-replicable results. It is my hope that this article will
raise awareness about this issue, while offering better generators that do not depend on which library version
you use. Last but not least, the datasets used here are infinite, giving you the opportunity to work with truly
big data and infinite numerical precision.

2 Computing the digits of special math constants

Here, the constants must lie between 0 and 1. While I use the binary numeration system, the Python code also
works with integer bases b other than 2. To introduce my method, I start with a textbook example: the expo-
nential function. Let A, (k) = (k mod m) + 1. Define the following recursion with k > 2, assuming z and m are
fixed integers with z,m > 1:

pr(z,m) =2 Ap(k—1) - pr_1(z,m) + 1
qr(z,m) =z - Am(k—1) - qr—1(2,m)

The initial conditions are p;(m, z) = 0 and g1(m, z) = z. I also define the limit numbers

&(z,m) = lim pe(z,m) &(z) = lim &(z,m) =exp (%) _ 2t 1. (1)

k=oo q(z,m)’ m—00 z
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If m is finite, then £(z,m) is a rational number, albeit with a gigantic period even for rather small values of m.
Finally, to make the discussion easier, I also introduce the notation

Dk (Z7 m)
6ulzm) = 22 2)
The originality of my approach lies in the fact that for a fixed k&, I am interested only in the first few digits of
the rational number &(z,m), that is, its prefix, skipping the periodic part. Also, under the right conditions,
the number of digits in the prefix, referred to as the prefix length, increases with k and eventually becomes
infinite as k — oco. In addition, even at the limit as k — oo, the number £(z,m) is rational if m is finite. The
implications are discussed later in this article.

2.1 P-adic valuations

All rational numbers have a period — a group of digits repeating itself indefinitely — preceded by a prefix. For
instance, in base b = 10 (the ordinary decimal system), we have:

3011

—— = 0.36168168168168168.. ..
8325

In this example, the prefix is 36, and the period is 168. In fact, there is a simple formula to detect the length of
the prefix, that is, the number of digits that it contains in a base b. Let us assume that p, g are positive integers
with p < ¢. To compute the prefix 7(p, q) of p/q in base b, where b is a prime number, we proceed as follows:

e Compute the p-adic valuations v(p), vp(q) of p and ¢ in base b. The p-adic valuation of p in prime base b
is defined as the exponent of the highest power of b that divides p [Wiki].

e The length of the prefix 7(p, ¢) is given by the formula

L = L(n(p.q)) = max |0, (q) — vs(p)] 3)

It remains unchanged if you multiply p and ¢ by an integer constant, even by a power of b. For simplicity,
when there is no confusion, L(7(p, ¢)) is denoted as L.

e The prefix is obtained via the following integer division [Wiki]:

7(pa) = (-6 /1= - [p-b" = (p-¥* mod )] 4

This integer is typically represented as a string of length L in base b, with padding zeroes on the left if
needed, to match the length.

When everything goes well, the iterations leading to Formula (1) produce integer vectors (pk,qr) with a prefix
length that on average, increases as k increases. In particular, any k with a prefix m(pg,qr) longer than the
previous ones, adds new digits to £(z,m) while preserving digits already obtained. I explain in the next section
what this means. For now, it is sufficient to know that everything works nicely in the exponential case introduced
earlier. Newly added digits won’t be changed later as k increases.

2.2 Digit blocks, speed of convergence

From now on, I use b = 2. Also, the function v»(-) is denoted as v(-) for convenience. When z =1 and m = oo
in the exponential case (1), each new iteration k yields v(k) new digits. In particular, v(k) = 0 if and only if k
is odd. Also py is always odd regardless of k, z, or m. Thus L(7(pk,qx)) = v(qr) = v(k!) in this case. These
properties are peculiar to this system. Other systems discussed later also have nice properties, albeit different.

When the digits of £;(z, m) computed in previous iterations are preserved when overwritten as k increases,
the system is said to be digit-preserving. A new set of digits added at a specific iteration is called a digit block.
The goal is to find patterns (or their absence) in the non-empty blocks, and to study the asymptotic properties
of the digits of £x(z,m) as k — oo by focusing on the successive prefixes. The cases m = oo and m < oo are
treated in the same way, even though the former results in (2, m) being rational as k — oo, while the latter
leads to a known irrational number given in (1). To summarize, my new framework allows you to analyze the
digit distribution of e by focusing on the prefix of peculiar rational numbers, some having the same proportions
of zeros and ones in the binary system, and some not, with the prefix digits sequentially matching those of e
when m, k — oo.

If the goal is to study the digit distribution from a theoretical point of view, speed of convergence may not be
important. In applications such as pseudo-random number generators (PRNGs), speed is critical. The system
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presented here relies on the Taylor series of the exponential function. Binary splitting [Wiki] can accelerate
convergence, along with fast multiplication [Wiki]. In general, having a numerator p; not divisible by the base
b, works best. Likewise, the faster v;(gx) increases as k increases, the faster the convergence. Choosing a power
of b for z, helps achieve this goal. So far, the best improvement (several orders of magnitude) was obtained
using a very efficient computation of the p-adic functions. To produce random bits as fast as possible, I discuss
a system with very fast convergence in section 2.3, though the limit number ¢ is not a known constant.

Finally, if you are not interested in discovering potential patterns in the block sequence (and even if you do),
you can skip the production of intermediate digits to eliminate redundancy, avoiding all the integer divisions
linked to Formula (4), as well as the p-adic computations. That is, you can compute the (pg,gqr) vectors
iteratively and get the digits in the last iteration. In the exponential case, since block sizes are known in
advance, you can slice the final digit sequence accordingly to retrieve the blocks.

In practice, for random bits generation, you use multiple sequences in parallel, for instance different values
of z or a combination of sequences discussed in section 2.3. This further increases the speed, thanks to par-
allelization. Interestingly, typical congruential random number generators are similar to using m < oo in the
exponential case, resulting in a finite period and less randomness. See chapter 4 in [1] for a discussion about
the benefits of using irrational numbers (in this case, m = 00).

2.3 A plethora of interesting pseudo-random sequences

The exponential case discussed at the beginning of section 2 is just one of many examples leading to interesting
results and applications to random bits generation. There are other examples in the Python code, listed below.
Here again, ¢ denotes the limiting value of pi/qr as k — oo, while IC stands for initial conditions.
Continued fractions, with & = (=1 ++/5)/2. IC: p; = 13, ¢; = 21.
Pr = Qk-1,
Gk = Pk—1 + Qk—1-
Second order linear recursion, with £ =1/(3 —v/3). IC: pg=0,p, =1, g0 =0, q1 = 2.
Pk = 2pk—1 + 2pg—2 + 1,
Ik = 2qk—1 + 2qk—2.
Square root, with £ = v/2/4. IC: p; =0, ¢; = 2.
e = 2pg—1 + 1 if (2pr—1 + 1)* < 2¢3_,, else pp = 2pp_1,
Qe = 2qk—1-
Fast recursion. IC: p; =1, ¢; = 2.
pr = 2Fpr_1 + 3% mod 2,
ar = 25qr—1.
Logarithm, with £ =log2. IC: pg=1,p1 =5, 9 =2, ¢g1 = 8.
Pk = (3k 4 2)pr—1 — 2k>pg o,
ar = 2(k + 1)gr—1.
All the above systems except the logarithm case are digit-preserving. Play with the Python code to see how block

sizes evolve over the iterations, and how frequently new digits are added, in each case. The fast recursion system

has this property:
k
3! mod 2!
=y %ﬁ% 5 € = 0.673443360740852 . .. as k — c. (5)
=1

Pk
Uk

With the exception of the first two digit blocks Bj, Bo merged together due to initial conditions, blocks By
(k = 3,4 and so on) is k-bits long in base 2, with By = 3¥ mod 2. The lower (rightmost) bit in each block is
always 1. That is, B; mod 2 = 1. For that reason, one may prefer the unbiased version, where 3* mod 2% is
replaced by (3% — 1)/2 mod 2*. Finally, it is probably not difficult to prove that ¢ in Formula (5) is irrational.

The system leading to v/2 /4 behaves differently. In base 2, all non-empty blocks consist of a variable number
of zeros on the left, with 1 for the rightmost bit. In other words, the block sequence represents the successive runs
of zeros in the binary expansion of v/2/4. The non-empty blocks are 01, 01, 1, 01, 01, 000001, 001, 1, 1, 1, 001, 1,
and so on. If you put them together, you get the binary expansion of v/2/4.

Nice systems are the exception. Most are not digit preserving. In particular, the logarithm system defined
in the above list, is not digit-preserving with the proposed initial conditions. Likewise, if you change the initial


https://en.wikipedia.org/wiki/Binary_splitting
https://en.wikipedia.org/wiki/Multiplication_algorithm

conditions to p1 = 1,¢1 = 2 in the continued fraction system, py/qx still converges to the same value but the
digit-preserving property is lost.

The continued fraction system described here leads to the golden ratio & = (—1 4 +/5)/2. It is an extreme
case. Here py, g are two consecutive Fibonacci numbers. However, v(gy) grows extremely slowly. Even though
v(pr) = 0 when v(qx) # 0 (thus boosting convergence), non-empty blocks become increasingly rare, though
there are still infinitely many of them. The result: after 10 iterations, only 20 binary digits of ¢ are computed.
By contrast, the fast recursion system yields 5 x 10'! digits after 10 iterations.

3 Testing random number generators

In chapter 4 in [1], I compare traditional congruential generators with those based on irrational numbers. The
goal here is different. Rather than testing the raw sequences, I focus on the digit blocks discussed earlier. These
blocks may exhibit strong patterns, not compatible with randomness. This is the case for the square root system
discussed in section 2.3. However non-randomness in the block distribution does imply non-randomness in the
raw digit sequence. In the end, the binary digits of constants such as /2 better mimic randomness, compared
to random bit sequences produced by Numpy with its Mersenne Twister.

Indeed, the goal here is to find patterns, to better understand the digit distributions of the irrational num-
bers in question. The hope is that it leads to a better understanding of the underlying theoretical distributions.
In turn, it could help prove that some of these digit sequences behave exactly like true random sequences. See
section 3.1 for an example.

The methodology is as follows. I compare statistics based on the actual blocks, with those based on blocks
consisting of random digits generated by Numpy. When some discrepancy is found, I use theoretical results to
assess whether Python, my blocks, or both fail at mimicking randomness. Even when both pass the test, it is
possible to check which one gets a better grade. Rather than sharing all the results, I present the methodology
in a teaching style to help the reader learn how to use it in various contexts.

A word of caution before digging deeper into the details. The probability that a 20-bit sequence consists
of zeroes only, is 0.0001%. If you look at 10° such sequences, the chance that at least one of them consists of 20
zeroes, is 63%. In other words, if you test a large number of independent sequences, for instance those produced
by the digits of square roots of many prime numbers, you are bound to find one failing the randomness test,
just by chance. Conversely, if you apply a large number of independent tests to any single sequence, chances
are that it will fail some of the tests just by chance.

3.1 Theoretical properties of the digits of v/2

In the system leading to \/5/ 4, the blocks are anything but random: the rightmost digit is 1, preceded by a
variable number of zeros. In single-digit blocks, the digit is also 1. The first block is B, = 01. It is followed by
an empty block Bs, then By = 01. Since ¢, = 2, v(qx) = k, and pi < qx, we have 0 < v(py) < k. Then, the
length of the prefix satisfies L(m(pk, qx)) = k — vi(pr) < k and block By, is non-empty if and only if v(py) = 0.

Furthermore, the total number of digits of v/2/4 collected over the first k blocks is equal to the sum of the
lengths of these blocks. All of this allows you to make statements about the digit distribution. In particular,
this distribution is fully characterized by the lengths of the successive runs of zeros (including runs of length
zero). That is, by the lengths |Bg| of the non-empty blocks By. Each of them ends with the digit 1, terminating
the current run of zeros. For non-empty blocks By with k > 2, the length (the number of digits) satisfies:

|Bi| =k — argmax{”(pl) = 0} =1+v(pr-1) <k.
1<k

The argmax part represents the largest { such that v(p;) = 0 and I < k. It is conjectured that |By| < 1+ log, k.
Also, if v(pr) # 0, then |By| = 0 and v(pr) = 1+ v(pr—1). The number of ones in the cumulated digits collected
at any given time, is equal to the number of non-empty blocks obtained.

I now check whether block lengths have a geometric distribution. If they don’t, it means that the randomness
assumption is violated. If they do, then the expected frequency is f, = 27" for non-empty blocks of length n,
with n = 1,2 and so on, corresponding respectively to blocks 1, 01, 001, 0001, and so on. It would also imply
that exactly 50% of the binary digits are zero, when k becomes infinite. In Figure 1, the Python chart bars
correspond to simulated run lengths using the random function in Numpy with 3 different seeds and 24000
digits, while Actual correspond to the block lengths in the square root system, with the same sample size.

For lengths n > 6, counts are very small due to the small sample size, explaining the volatility. Thus, the
randomness assumption is not violated in the run test. It is worth trying with larger sample sizes to check if the
good results extend beyond n = 6. Another test worth trying is checking the autocorrelations in subsequences
of run lengths. They should all be close to zero if the data is random enough.
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Figure 1: Relative frequencies of zero runs in 4 binary digits sequences

3.2 Fast recursion and congruential equidistribution

The square root and fast recursion systems share some properties: ¢y is a power if 2, and each block By, represents
an odd integer. In the square root system, ¢; = 2* and py, is just one bit. However, in the fast recursion system,
qe = 2F(+1)/2 and py, is k bits long. Thus, convergence is much faster, and you can concatenate the successive
blocks to create random bit sequences growing quadratically in size as k increases. The fact that By is always
odd, is a weakness in this case but not in the square root system. To avoid this problem, let’s start by generalizing
the fast recursion system, as follows:

pr = 2"pr_1 + A mod 2F,

ar = 2"qr 1,
with the initial conditions p; = A; mod 2, and ¢; = 2. Here (Ay) is a sequence of integers, with Ay much larger
than 2. In the first version, Ay = 3*. Again, By, = Aj mod 2*, possibly with extra zeroes on the left as usual,
so that By is k-bit long when converted to a string. If the digits are random enough, one would expect that
over many blocks, By, mod m covers all integer values (called residues) between 0 and m — 1, each with about
the same frequency, regardless of m > 1. This property is called asymptotic congruential equidistribution. It is
not satisfied when m is even, if A; = 3*.

Fast Recursion Python Library
m Exp. | Modell Model2 Model3 | Seedl Seed2 Seed3
2 5000 | 4998.50 0.5 92,50 | 1.50 102.50 63.50
3 3333| 48.63 41.82  53.96| 10.03 25.66 29.13
4 2500 | 2498.75 043  65.48| 37.71 51.91 40.90
5 2000 37.22 5495  40.25| 59.92 38.23 30.94
6 1667 |1665.84  40.27  42.13| 37.75 36.85 30.98
7 1429 22.41  20.53  29.68 | 26.51 25.61 22.47
8 1250 | 2163.11 0.33  43.66 | 33.28 29.86 28.98
9 1111 36.10 32.00 23.59 | 19.64 28.39 24.03
10 1000 | 999.26  29.62  34.70 | 32.89 32.69 36.29
11 909 26.23  20.84 3534 | 19.86 17.90 45.75
12 833 | 832.69 30.02 30.22| 27.71 19.75 28.48
13 769 2148  28.82  23.03| 22.25 30.50 40.53
14 714 | 713.39 22.39 25.56 | 27.83 24.42 24.32
15 667 | 2459 2713  23.31| 22.81 1949 27.04
16 625 | 1080.69 0.24 27.31| 26.90 18.44 19.17

Table 1: Stdev for congruential equidistribution test (10,000 blocks)



One would think that choosing Ay = (3% — 1)/2 would fix the issue. Indeed, it improves the situation, yet
the property is not satisfied if m is a multiple of 4. What about Aj = 3* + k? Now the property seems to be
satisfied, but with some problem when m is a power of 2. For these m’s, the residues are evenly distributed —
perfectly — which is not compatible with randomness. You need the right amount of variance: not too much,
not too little. This is accomplished with A;, = 5%//2%. Here “//” stands for the integer division, also denoted as
5% >> k (bit shift) since the denominator is a power of 2. It is equal to |5*/2¥]. You cannot use A; = 3%//2*
because Aj, must be much larger than 2, otherwise the property is violated for obvious reasons.

In the literature, congruential equidistribution is referred to as uniform distribution for integer sequences, a
term that is misleading. Its equivalent for real numbers is called equidistribution modulo 1. If 8 is an irrational
number, then the integer sequence Ay = |kf] satisfies the property. It also works with A;, = [b*6], where b > 1
is an integer (the base), assuming 6 is a normal number in base b. Well known counter-examples: when Ay, is
a polynomial in k of degree 2 or higher with integer coefficients, and when Ay = |k!e]. Finally, the numbers
V2,e,1og2 and 7 are conjectured to be normal in any base. Section 3.1 in this article sets new foundations to
study the normality of v/2 in base b = 2. For more details on congruential equidistribution, see chapter 5 in [3].

Fast Recursion Python Library
String Modell Model2 Model3 Seed1 Seed2 Seed3
0 24,986,553 24,986,515 24,993,579 | 24,995,827 24,998,289 24,995,167
1 25,008,446 25,008,484 25,001,420 | 24,999,172 24,996,710 24,999,832
00 8,327,584 8,326,983 8,330,446 | 8,333,231 8,335,234 8,332,216

01 12,497,442 12,497,468 12,496,467 | 12,495,140 12,494,518 12,498,799
10 12,497,441 12,497,469 12,496,468 | 12,495,141 12,494,517 12,498,799
11 8,338,874 8,338,302 8,335,781 | 8,334,393 8,334,637 8,333,329
000 3,566,418 3,566,701 3,570,993 | 3,571,832 3,572,551 3,569,057
001 6,247,215 6,245,949 6,248,383 | 6,249,023 6,250,880 6,248,691
010 4,996,856 4,997,481 4,996,396 | 4,996,259 4,995 501 4,998,112
011 6,251,062 6,249,773 6,250,134 | 6,250,077 6,250,783 6,249,944
100 6,247,215 6,245,949 6,248,383 | 6,249,023 6,250,879 6,248,691
101 5,000,084 5,000,724 4,998,010 | 4,996,975 4,996,353 4,999,168
110 6,251,061 6,249,774 6,250,134 | 6,250,078 6,250,783 6,249,945
111 3,575,452 3,575,762 3,572,484 | 3,573,978 3,572,508 3,572,486

K 7.19 7.24 0.92 0.17 0.04 0.33

Table 2: String occurences in sequences with 49,994,999 digits

Table 1 shows a statistical summary for each residue class modulo m, with 2 < m < 16, for six digit
sequences based on N = 10,000 blocks: using the random Python library with seeds 0, 1, 2 on the right, and
three different versions of the fast recursion system on the left. The number of digits per sequence, called length,
is N(N—1)/2—1 = 49,994,999. For each block B, and for each modulus m, I computed the residue By, mod m.
Then I counted the occurrences of each residue over the N blocks, for each m. The expected value given m, is
N/m and featured in the second column. The six rightmost columns show the observed standard deviations for
these values. In case of randomness (and thus equidistribution), the standard deviation should be small, but
not too small. Also, it should decrease roughly at the same speed as 1//m as you go down the rows in the
table. The only sequence compatible with these requirements is Model3. The other ones exhibit patterns not
consistent with randomness. The 3 models under “Fast Recursion” are, from left to right, A, = 3%, A, = 3 +k,
and Ay = 5%//2%. See code in section 4.1.

Table 2 shows the observed frequencies for various strings, in the 6 digit sequences. The means seem correct
at first glance: for instance, about 50% of zeroes and ones when you look at the first 2 rows. Modell and Model2
exhibit more variance, while the Python library (the three rightmost columns) produce lower variance. Which
ones are correct? It turns out that all but Modell and Model2 are acceptable, with Model3 being the best and
outperforming the Python library. To come to this conclusion, I computed the following statistics:

sy 3 o FLL)? 0



where S is a set of strings for instance S = {00,01,10,11}, X is the number of occurrences of s in the digit
sequence, and E[X] is the expected number of occurrences if the digits were random. It has a \* distribution
with |S| — 1 degrees of freedom, where |S| is the number of strings in S. I computed x? for S = {0,1}. The
results are displayed in the bottom row. In this case, the x? expectation is 1.00. The chance that it is above
7.19 is about 0.73%, while the chance that it is below 0.04 is 15.82%. Clearly, Model3 is the best.

The computation of x? for 2-bit and 3-bit strings — say, S = {00,01, 10,11} — is more challenging because
the strings overlap in the digit sequence. Thus, even in case of perfect randomness, these strings have uneven
frequencies, and the independence requirement to apply formula (6) is violated. Yet, it can be addressed with
more advanced probability theory.

More tests are needed to assess the quality of Model3: the run test in section 3.1, conditional independence
(see section 3.3), auto-correlations and so on. The tests performed so far suggest that it outperforms Python
libraries to generate random bits. Not only that, but with efficient implementation, it should also run faster.
Note that if Aj, = 5F//2% then A;, = 10 >> 2k. Finally, we need to test with different values of .

3.3 Exponential system: predicting the next block

Constants such as e have been thoroughly tested and passed all the randomness tests. The goal here is to focus
on the blocks rather than the digits. They may exhibit patterns, at least at the beginning of the sequence.
Studying them may help understand the mechanisms at play, possibly leading to theoretical results, for instance
the fact that any binary string is found in the digit sequence, infinitely many times. I discuss three topics:

e Non-random behavior in one-digit blocks, with statistical analysis to back it.
e The first occurrence of any string, in the block sequence.

e Can we predict the next block given the current block?

3.3.1 Pattern in one-digit blocks: more ones than zeroes?

The pattern in question is not incompatible with randomness: it is balanced by more zeroes than ones in blocks
consisting of multiple digits. I expect the pattern to weaken when considering a very large number of blocks.
Here, I looked at the first 22,500 non-empty blocks, totaling 44,991 digits. The proportion of zeroes is 49.78%,
which seems fine. However 11,250 of these blocks are one-digit, thus totaling 11,250 digits, but with a proportion
of zeroes equal to only 48.07%

Now, let’s see if this could happen by chance or not, and whether there is an explanation. Using Formula (6)
with S = {0,1}, we have x? = 0.88 for the first ratio, 49.78%. This is within range for a x? with 1 degree of
freedom: the expected value is 1.00. But for 48.07%, we have x? = 16.74, and P[x? > 16.74] = 0.00004. That’s
the probability that it could happen by chance, also called p-value.

What caused the imbalance is a sharp increase in ones at the end of the sequence in question. Big enough
to cause a noticeable and long-lasting drop in the proportion of zeroes. While still within possible values in
the digit sequence, it is well outside of the 99.9% range when looking at single-digit blocks. There is a lot of
literature on simple random walks (those with equal probability of zero and one) as well as their time-continuous
equivalent, Wiener processes. The cumulative digits of e are conjectured to follow a simple random walk. The
maximum discrepancy between the cumulative sums of zeroes and ones at any iteration k is well studied, and
its expectation is \/mk/2. The law of the iterated logarithm offers bounds for infinite sequences. It applies to
the digits, not the blocks. More on this in chapter 1, in my book [1].

3.3.2 Block coverage problem

In the square root system in section 3.1, non-empty blocks have deterministic digits: each block consists of a
single 1 in the rightmost position, usually preceded by 0’s on the left. But the successive block lengths appear
to be unpredictable. In the exponential system, the opposite is true. Block digits are randomly distributed,
but the length of block By is deterministic, and equal to v(k). By definition, A block of length n represents
an n-bit integer. How long does it take to cover all potential 2" values? In other words, how many successive
blocks of length n are needed until all potential combinations of n bits are covered?

Here I address this problem. Let’s first look at what to expect if the digits were random. In that case, at
some point we see the first block of length n. In the exponential system, it is block By with k = 2. What can
we say about the second block of length n? It would be block By with £ = 3 - 2" in the exponential system.
What are the chances that it is different from the first one, assuming randomness?



More generally, let T, ; be the random variable denoting the number of blocks of length n visited until we
cover ¢ distinct ones. Also, let A, ; =T, ; — T}, ;—1 with ¢ > 0 and T}, o = 0. We have:

Now, let T}, be the total number of blocks of length n visited until we cover all the 2™ distinct combinations of
zeroes and ones. We have:

on

= Z;E[Am] =D = _22 — Z = 8)

1=2

It follows that E[T;,] is asymptotically equal to (log2)-2™-n as n tends to infinity. Now, I compare the predicted

time arrivals T}, 1,75 2, . .., T 2» With the observed ones.
i E[T,] Ty Thi By k;
1 1.00 1 1 0000 16
2 207 2 2 1011 48
3 3.21 3 3 1100 80
4 4.44 4 4 1110 112
5 5.77 6 5 1001 144
6 7.23 7 6 0110 176
7 883 8 9 0011 272
8 10.61 10 10 1101 304
9 1261 1211 0111 336
10 14.89 15 14 0001 432
11 17.56 16 16 1111 496
12 20.76 17 22 0101 688
13 24.76 20 32 0010 1008
14 30.09 30 33 1000 1040
15 38.09 39 34 0100 1072

16 54.09 45 76 1010 2416

Table 3: New block arrival times T, ; (n = 4)

Table 3 shows the 2" arrival times T,, ; (i = 1,2,...,2") for first occurrence of a new block of length n, here
with n = 4. The expected value E[T,, ;] is based on Formula (7). For comparison purposes, I also included the
values obtained by replacing the block strings by random strings using the random function in Numpy. These
are denoted as T}y ;. They are based on the same block structure, and obtained by setting random=True in
the Python code in section 4.2. I noticed that the last unseen block in the exponential system takes longer than
expected to show up, not just for n = 4. This may be true only for small n. It is not incompatible with strong
randomness in the full digit sequence. Note that k; = 2" - (27, ; — 1) and T, ;1 = 1.

3.3.3 Predicting the next block

Table 4 shows counts for single-digit blocks 0 and 1, when the previous non-empty block is 00, 01, 10, or 11.
Again, I looked at the first 22,500 non empty blocks.

Block 00 01 10 11

0 684 674 701 640
1 757 766 690 713
X2 3.698 5.878 0.087 3.938

Table 4: Counts for blocks 0 and 1 given previous block



In case of independence and uniform distribution, the eight counts should be roughly the same. But they
exhibit too much variance: Formula (6) yields x? = 17.534, here with 8 — 1 = 7 degrees of freedom. The p-value
is P[x? > 17.534] = 0.014. Thus, the probability for this to happen by chance is 1.4%.

However, when treated separately in four conditional groups as in Table 4, the difference between the two
counts in a same column is almost within normal range, except for column 01 (p-value = 0.015). But since we
computed four 2, it is not surprising that one of them is off. In any case, the probability that the current block
is 1 given that the previous one is 01, is too high, at least in the first 22,500 non empty blocks. Note that for
the exponential system, a block of length 2 can only be followed by a block of length 1, excluding the empty
block between both. Finally, the findings in this section overlap with and corroborate those in section 3.3.1.

4 Python code

The main code is in section 4.2. The short code in section 4.1 covers the congruential equidistribution test for
the fast recursion system discussed in section 3.2.

4.1 Fast recursion

This program is also on GitHub, here. I used it to produce Tables 1 and 2.

import numpy as np

import random

seed =1

random. seed (seed) # try 0, 1, 2

def int_to_binstring(x, n):
# convert integer x into n-bit string
str = bin(x) .replace("0b",’")
while len(str) < n:
str = 0’ + str
return (str)

def hash_update (key, hash):
if key in hash:
hashlkey] +=1
else:
hash[key] =1
return (hash)

def summary (hash, m, N):
# summary stats for congruences modulo m
mean = 0
std = 0
for 7 in range(m) :
# loop on residue classes modulo m
if (m, Jj) in hash:

count = hash[ (m, J)]
else:
count = 0

mean += count
std += countxcount
total = mean
mean /= m
std = np.sqgrt(std/m - mean*mean)
# normalize
# mean /= N-M-1
# std /= np.sqgrt (N-M-1)
return (mean, std)

M 20 # test moduli up tp M
N = 10000 # last block visited

hresl = {} # residues modulo m: counts based on model
hres2 = {} # residues modulo m: counts based on random numbers
fstring = "" # digit sequence based on model


https://github.com/VincentGranville/Experimental-Math-Number-Theory/blob/main/Source-Code/equidistribution.py

rstring = "" # digit sequence based on random numbers

for k in range (2, N):

# fastint = (3xxk) % (2xxk)

# fastint = ((3*xk + k)) % (2%xk)

fastint = ((5%%k) >> k) % (2%%k)

fstring = fstring + int_to_lbinstring(fastint, k)
randint = random.getrandbits (k)

rstring = rstring + int_to_binstring(randint, k)

for m in range(2,M):

resl = fastint $ m
res2 = randint $ m
keyl = (m, resl)
key2 = (m, res2)
if k > m:
hresl = hash_update (keyl, hresl)

hres2 = hash_update (key2, hres2)

for m in range (2, M):
for res in range(0,m) :

key = (m, res)

if key not in hresl:
hresllkey] = 0
print (">>> Missing:", key)

if key not in hres2:
hres2[key] = 0

print (key, hresl[key], hres2[key])

print ("\nresidue classes: summary")
for m in range (2, M):

(fmean, fstd) = summary (hresl, m, N)
(rmean, rstd) = summary (hres2, m, N)
# fmean = rmean, thus nor showing rmean

print ("%$4d %$8.2f %$8.2f $9.2f" $ (m, fmean, fstd, rstd))

print ("\nSubstring counts in digit sequence")
substrings = (’0’,”1’,700","01",710","11",
rooo0”,”001","010","011",
r100",71017,"110","111",)
for str in substrings:
print ("$4s %10d %$10d" % (str, fstring.count (str), rstring.count (str)))

print (fstring[0:100017)

4.2 Main code

The code is also on GitHub, here. It computes pg, gi, the prefix 7(pg,qr) and the blocks By for the various
systems described in section 2. In the code, By is named new_digits and it is stored as a binary string, see
lines 177-170. Since full digit sequences of increasing lengths are computed at each iteration k in order to find
more and more digits, you should not use this algorithm if your goal is to simply get a large number of digits,
for the mathematical constants in question. In that case, you don’t need to identify the various blocks, and you
can remove all intermediary block and prefix computations except in the last iteration. This will dramatically
increase the speed.

import gmpy2

import numpy as np

import matplotlib.pyplot as plt
import matplotlib as mpl

from matplotlib import pyplot

def update_hash (hash, key, count):
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if key in hash:

hash[key] += count
else:
hash[key] = count

return (hash)

def p_adic(k, base):
# return the largest integer v such that basexxv divides k
# https://www.geeksforgeeks.org/python-program-to-find-whether-a-no-is-power-of-two/

# p/g ten
p_buffer.
p_buffer.
q_buffer.
g _buffer.

elif mode ==
# p/g ten
p_buffer.
p_buffer.
g _buffer.
g _buffer.
elif mode ==
# p/g ten
p_buffer.
p_buffer.
g _buffer.
g _buffer.

elif mode ==
p_buffer.
p_buffer.
g _buffer.
g _buffer.

elif mode ==
p_buffer.
p_buffer.
g _buffer.
g _buffer.

elif mode ==
p_buffer.
p_buffer.
q_buffer.
q_buffer.

if base ==
div =k & (“(k - 1))
v = len(bin(div)) - 3
else:
div = 1
v =0
while k % div == 0:
div *= base
v += 1
div = div // base
v —= 1
return (v, div)
def initialize(mode, z=1, m=0):
p_buffer = []
g _buffer = []
if ’"Exponential’ in mode:

ds to exp(x)-1-1/x as k —> infty

append (0)
append (0)
append (0)
append (z)

"Linear’ :

ds to 1/ (3-SQRT(3))

append (0)
append (1)
append (0)
append (2)

"ContinuedFractions’ :
(-1+sqrt (5))/2 as k —> infty

ds to
append (0)
append (13)
append (0)
append (21)

"Special’:

append (0)
append (0)
append (1)
append (2)

"Special2’:

append (0)
append (0)
append (1)
append (2)

"Special3’:

append (0)
append (1)
append (0)
append (2)

as k ——> infty



96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

return (p_buffer, g _buffer)

#-—— [1] main loop

# parameters

mode = ’Exponential’ # options: ’Exponential’, ’Exponentiall’,

# ’Linear’, ’'ContinuedFractions’, ’Special’, ’'Special2’,
random = False
base = 2 # base must be a prime number
n = 45000 # number of iterations
m =0 # used in Exponential mode (if m=0, p/g tends to exp(z)-1-1/z)
z =1 # used in Exponential mode (integer > 0)

seed = 659 # used if random = True
np.random. seed (seed)

# local variables

digits = ""
new_digits = ""
hashl = {}
hash2 = {}

hash _nu = {}
bprefix = ""
Imax = 0

k_old = 0

zeros = 0

ones = 0
(p_buffer, g buffer) = initialize(mode, 2z, m)

for k in range (2, n+l, 1):

# p = plk], p_buffer[l] = plk-1], p_buffer[2] = pl[k-2]
# g = glk]l, g buffer[l] = gl[k-1]1, g_buffer[2] = gl[k-2]
if mode == ’'Exponential’:

p = zxkxp_buffer[l] + 1

g = zxkxg_buffer([1l]
elif mode == ’'Exponentiall’ and m > O:

p = zxmin(k, m)*p_buffer[l] + 1
g = z*min(k, m)xqg_buffer[l]

elif mode == ’'Exponential2’ and m > O:
p = zx((k-1)%m + 1) » p_buffer[l] + 1

g = z*x((k-1)%m + 1) % g buffer[1l]
elif mode == ’'Linear’:

p = 2xp_buffer[l] + 2+p_buffer[0] + 1

g = 2+«g_buffer[l] + 2+xg_buffer[0]
elif mode == ’ContinuedFractions’:

p = g buffer[l]
p_buffer[l] + g buffer[l]

Q
Il

elif mode == ’'Special’:
if (2+xp_buffer[l]+ 1)*%x2 < 2 * g_buffer[0]=*x2:
p = 2xp_buffer[1l] + 1
else:
p = 2xp_buffer[l]
g = 2+q_buffer[l]

elif mode == ’Special2’:

P = 2xxk x p_buffer[1] + ((3xxk - 1)//2) % (2x+kK)
g = 2+*xk x g_buffer[1l]

12
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140 elif mode == ’Special3d’:
141 p = 2xxk * p_buffer[l] + (3*xxk) % (2xxk)

142 g = 2%xk x g_buffer[l]

143

144 p_buffer[0] = p_buffer[l]

145 p_buffer[l] = p

146 g _buffer[0] = g _buffer[l]

147 g _buffer[l] = g

148 nu_k, div_k = p_adic(k, base)

149 nu_p, div_p = p_adic(p, base)

150 nu_qg, div_g = p_adic(qg, base)

151 if p > g:

152 print ("Warning: p >= g (unauthorized)")
153 exit ()

154 1 = max (0, nu_g - nu_p) # length of prefix

156 if 1 > lmax:

158 # process additional digits found
159 Imax = 1

160 prefix = (basexxl) » p // g

161 bprefix_old = bprefix

162 1_old = len (bprefix_old)

163 bprefix = gmpy2.mpz (prefix) .digits (base)
164 while len (bprefix) < 1:

165 bprefix = 70’ + bprefix

166 if bprefix[0:1_old] != bprefix_old:
167 match = "Fail’

168 else:

169 match = ’Success’

170 new_digits_old = new_digits

172 if random:

173 new_int = np.random.randint (basex* (1-1_old))
174 else:

175 new_int = prefix % (basex* (1 - 1_old))

176

177 new_digits = gmpy2.mpz (new_int) .digits (base)
178 while len(new_digits) < 1 - 1_old:

179 new_digits = 0’ + new_digits

180

181 delta = k - k_old

182 zeros += new_digits.count (’0")

183 ones += new_digits.count (’1")

184 size = len(new_digits)

185 print ("===>", k, 1, size, delta, nu_k, nu_p, nu_qg, match, zeros+ones,
186 zeros, ones, ">>", new_digits)

187

188 digits += new_digits

189 k_old = k

190 key = (size, k)

191 if new_digits not in hashl:

192 hash_nulkey] = new_digits

193 update_hash (hashl, new_digits, 1)

194 key = (new_digits, new_digits_old)

195 update_hash (hash2, key, 1)

196

197

198 #-—— [2] Output results

200 #- [2.1] block counts

202 patterns = () # list of all potential combos of t binary digits
203t =5

204 for k in range (0,2xxt,1):

205 bint = bin (k)
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206 bint = bint[2:1en (bint) ]

207 while len (bint)<t:
208 bint = "0"+bint
209 patterns = (xpatterns, bint)

210
211 print ("\nblock counts\n")
212 hashl_print = {}

214 for key in hashl:
215 klen = len(key)
216 hashl_print|[(klen, key)] = hashl[key]

218 for keyx in sorted(hashl_print):

219 key = keyx[1]

220 klen = len (key)

221 count = hashl[key]
222 if count > 1:

223 print (klen, key, count)
225 #- [2.2] first occurrence of block

227 print ()
228 print ("first occurrence of block")

220 old_size = 0

230 count = 0

231 for key in sorted(hash_nu) :

232 size = key[0]

233 if size == old_size:

234 count = count+l

235 else:

236 print ()

237 count = 1

238 old_size = size

239 print (count, hash_nulkey], key)
240

241 #— [2.3] conditional block counts

243 print ("\nconditional block counts\n")
244 hash2_print = {}

246 for key in hash2:

247 klenA = len(key[0])
248 klenB = len(key[1l])
249 hash2_print [ (klenA, klenB, key)] = hash2[key]

251 for keyx in sorted(hash2_print):

252 key = keyx[2]

253 old = key[O0]

254 new = key[1]

255 count = hash2[key]
256 if count > 5:

257 print (" (old, new) :",key, hash2[key])
250 #— [2.4] high level summary
261 print ()

263 print ("Zeros vs ones:", zeros, ones)
264 print ("Proportion of zeros:", zeros/(zeros + ones))

266 suml = 0

267 ndigitsl = min (80, len(digits))

268

260 for k in range (0,ndigitsl,1):

270 suml += int (digits[k]) /basex* (k+1)

N
N
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sum2 = 0
ndigits2 = min (80, len (bprefix))
for k in range(0,ndigits2,1):
sum2 += int (bprefix[k]) /basex* (k+1)

print ("dCheck:", suml)
print ("bCheck:", sum2)
print ("Number:", p/q)

if ’"Exponential’ in mode:

print ("Target:", np.exp(l/z)-(1+1/z))
elif mode == ’'Linear’:

print ("Target:", 1/(3-np.sqrt(3)))
elif mode == ’'ContinuedFractions’:

print ("Target:", (-l+np.sqrt(5))/2)
elif mode == ’Special’:

print ("Target:", np.sqrt(2)/4)

print ("Digits per n:", (zeros+ones)/n)
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