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Let ν be the length of the bit string xN−1 concatenated with xN . It depends on a, b and N . I generated M = 8
bit strings B0, . . . , B7 of length ν, for K different combinations of a and b. For a specific a, b, the first one
B0 comes from my system, the other ones are generated sequentially by PCG64 with the Numpy seed set by
rng seed. For now, assume that K = 1 and N = 1000. In the code, K is implicitly detected as the number
of elements (parameter sets a, b) in the params array. Also, the first and last few bits of each bit string are
discarded, by setting skip flag=True. Of course, a, b have no direct impact on the success or not of PCG64,
but ν (a function of a, b) does. The failures are listed in Table 8.1, with ν denoted as “Bits” and rng seed
denoted as “Seed”. The latter is used for PCG64, not in my system. The “seed” in my system (in the classical
sense) is x0 = 1, the lowest possible value, and not listed in the table. Instead, a, b play that role.

Figure 8.1: Runs of length L; L on X-axis, count (log
scale) on Y-axis. Blue for NPG, non-blue for PCG64.

Figure 8.2: Same as Fig. 8.1 but with first arrival
of run of length L on Y-axis (log scale), L on X-axis

Failures, while relatively rare, happen frequently enough to be a concern for PCG64. But no failure was found
for my system (the absent B0 string in the table). The Python code in section 8.2 allows for full replication.
In Table 8.1, the ‘max hits’ issue is part of the collision test while ‘records’ (Figure 8.2) is part of the run test.
Both are described below.

The statistical tests of randomness used here cover a small portion of battery suites such as BigCrush,
DieHarder, PractRand or NIST. I selected them for their generality, covering multiple tests at once while being
relatively independent. I also developed several strong tests not found in these suites, for instance the Weyl
test described in chapter 5. Now, here are the tests that I chose to produce Table 8.1, where only failures are
reported:

� The frequency test computes the proportion of any substring of length at most Lmax in a bit string. Thus
it acts as a test of independence in dimensions up to Lmax. It is highly correlated to the entropy test.
Note that in the string ‘10001’, the number of ‘00’ is 2 according to my test (correct), while the default
Python count is 1. This test, in its form, is also known as the equidistribution or block test.

� The autocorrelation test computes the maximum of the absolute value of all autocorrelations up to lag
maxLag, in any bit string. It summarizes the autocorrelation function and is thus a spectral test. However,
I also included the NIST spectral test based on Fourier transforms. PCG64 failed that test a few times.

� The compression test compresses a bit string with the powerful LZMA compressor. It did not manage to
compress any of the bit strings tested, whether coming from PCG64 or NPG. It shows that those strings
have high entropy, compatible with good randomness.

� The collision test computes the number of substrings of length L occurring more than once in a bit string,
especially when L is large and few collisions are expected. It also returns max hits, the maximum number
of times one of those rare substrings occurs. That’s where PCG64 showed some failures.

� The run test computes all the runs of 0 of various lengths (Figure 8.1) and their first arrival in the bit
string (Figure 8.2). Test k (k = 0, . . . , 7) corresponds to the bit string Bk in Table 8.1, with B0 for NPG
and the other indices for PCG64, here with a = 1, b = 1991 and the PCG64 seed set to 42. In most cases,
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no anomaly was found, neither for NPG nor PCG64. The case featured here is an exception with B2 (in
red, PCG64) out of range. A future test could compute the correlation between the lengths of successive
runs.

� The next-bit test checks if you can predict the next bit in a bit sequence, fast enough while outperforming
pure chance. I use deep neural networks (DNNs) for this task, in a way similar to how they are used
to predict the next token in large language models. In my tests, DNNs cannot do better than random
guessing for bit streams generated by NPG. By contrast PCG64 shows weaknesses on occasions depending
on the test configuration

It is easy to build a bit sequence that not only passes all equidistribution tests [Wiki], but also mathematically
proved to do so. This is the case for the Mersenne Twister PRNG, a precursor to PCG64, itself a precursor to
my NPG system. It is proved to be 623-dimensional equidistributed up to 32 bits accuracy. Even worse, the
Champernowne constant [Wiki] is proved to be equidistributed in any dimension for any number of bits. Yet its
base-10 digits sequence is 12345678910111213. . . and it is a normal number in base 10. The equivalent exists in
base 2. In base 2, it would fail the pair-correlation test. In base 2 or 10, it fails the Kolmogorov complexity test
[Wiki], which has no implementation because it is undecidable. The Copeland–Erdős constant [Wiki] where the
numbers 1, 2, 3 and so on are replaced by the prime numbers, is also fully equidistributed. Yet, it would make
for a terrible PRNG. In short, the fact that a PRNG is proved to be equidistributed, has little value.

Finally, some claim that the binary digits of π have no consecutive 0 between positions n and 8n for n
large enough, and thus its digits do not mimic randomness, see here. This argument is wrong: any random bit
sequence has no consecutive 0 between positions n and n+log2 n. In fact, I proved (and I am not the only one)
that the binary digits of

√
2 cannot have consecutive 0 between positions n and 2n. You expect that from a

random sequence when n is large enough. And if not satisfied, it would prove that the sequence is not random.
Much of the pseudo-science linked to random bits is spread by people who know little about the topic, despite
advanced degrees in computer science and similar fields.

8.2 Compute time and Python code

The compute time is summarized in Table 8.2. A good benchmark is when N = 2000, generating about 109 bits
in 0.10 seconds with PCG64, a standard also reported elsewhere. Unlike PCG64 (linear in time), there is an
optimum for NPG. On my laptop, producing 8 bit strings each with N = 2000 is much faster than producing
a single string with N = 4000 even though the total number of bits generated is the same in both cases. Also,
I optimized PCG64 for speed, as follows:

size = total_bits
block_size = 32
nsamples = 20
start = time.perf_counter()
chunk_size = size // (nsamples * block_size)
for sample in range(nsamples):

bits = rng.integers(0, 2**block_size, size = chunk_size, dtype=np.uint32)
end = time.perf_counter()

I know discuss the code. First, if you perform a large number of tests, some will lead to false positives, just by
chance: a truly random sequence erroneously flagged as abnormal. The issue comes from using the same high
p-value too many times. This phenomenon is described in most statistical textbooks, along with solutions to
address it. Anyway, this is not the case here.

N Total bits a b NPG PCG64

1000 166,725,233 1 1991 0.005550 0.016639

1000 166,668,496 1 1 0.003406 0.013890

1000 169,528,867 53 31 0.007111 0.017117

2000 1,333,336,996 1 1 0.022635 0.106265

3000 4,500,005,496 1 1 0.115812 0.338585

Table 8.2: Compute time in seconds, NPG vs PCG64

It is worth checking if the PCG64 failures are linked to the odd number of bits in Table 8.1, dictated by the
choice of a and b. Those who built PCG64 probably tested it mostly with more standard values. The spectral
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p-adic numbers, 6, 115
p-adic valuation, 75
p-value, 119

agent (artificial intelligence), 25
agent-based modeling, 34
AI–generated art, 111
algebraic number, 33
analytic continuation, 83
analytic functions, 82
asymptotic periodicity, 96
attractor distribution, 12
autoconvolution (see self-convolution), 19
autocorrelation, 70
autocorrelation function, 34, 97, 118

time lag, 43

basin of attraction, 79
Benford’s law, 103
Bernoulli convolution, 15
Bernoulli distribution, 95
Bernoulli process, 45
beta distribution, 12
Beurling prime, 74
bifurcation phase, 20
binomial coefficients, 25

central coefficient, 15
blancmange curve, 13, 24, 33, 46
BQ (base quadratic map), 42
Brownian motion, 20, 34, 84, 98

canonical form (strings), 6
Cantor set, 46
carry digit function, 13, 24, 33, 46
Catalan numbers, 15
causal model

non-causal, 132
central-limit theorem, 20
Champernowne constant, 119
chaotic convergence, 94
chaotic phase, 20, 42
characteristic polynomial, 96
Chebyshev polynomials, 56, 57
Chebyshev’s bias, 83, 85, 86
checksum, 111
class (string or number), 7
cocycle, 13, 24, 33, 46
Collatz conjecture, 96
collision test, 118
combinatorial complexity, 117
compression, 118

computational intelligence, 25
congruential class, 21, 31, 43
conjugate maps, 19
convergence

absolute, 74
acceleration, 78
chaotic convergence, 94
conditional, 83
fractal convergence, 94

convolution, 7
auto-convolution, 7
iterated self-convolution, 29
self-convolution, 19, 29

convolution product
deconvolution, 133
discrete Gaussian, 132

Copeland–Erdős constant, 119
coprime integers, 15
correlation, 71

cross-correlations, 15, 34
empirical correlation, 15, 70

Cramér’s conjecture, 78
cryptographically secure, 117
cubic equation, 96
curve fitting, 86, 134

deconvolution, 133
deep neural network, 24, 33, 46, 119
deterministic AI, 115
deterministic PRNG, 117
digit count, 13, 19
digit sum function, 13, 15, 19, 24, 33, 42, 46, 94, 105

adjusted digit sum, 30, 38, 42
Dirichlet L-function, 83
Dirichlet character, 83
Dirichlet eta function, 74, 132
Dirichlet series, 83
Dirichlet’s theorem, 87
dyadic map, 11, 12, 15, 19, 29, 56
dyadic rational, 32, 33, 102, 106
dynamical systems, 41, 79

chaotic, 52, 79, 100
quadratic map, 58
state space, 58

empirical distribution function, 101
empirical probability density function, 98
entropy test, 118
equidistribution, 58, 118, 119
ergodic mean, 101
ergodicity, 12, 19, 100
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ergodic mean, 100
Euler product, 74, 82
Euler’s transform, 131
Euler-Mascheroni constant, 130
experimental math, 82

filter
blurring, 134

fixed point, 33, 52
flat polynomial, 107
fractal, 45
fractal convergence, 94
fractional part function, 15
functional equation, 12, 101

generating function, 15, 48, 95, 105
generative AI (GenAI), 87
geometric mean

complex numbers, 57
goodness-of-fit, 86
gradient descent

stochastic, 96

Hamming weight, 13, 24, 33, 46, 94
high-performance computing, 57, 116
homeomorphism, 11, 19

invariant measure, 12, 19, 29, 72, 100, 101
inverse transform, 29
irrational number, 15

kernel method
Gaussian kernel, 132

Kolmogorov complexity, 119

Laurent series, 134
law of the iterated logarithm, 20
leading digits, 103
Littlewood polynomial, 107
Littlewood’s oscillation theorem, 85
LLM (large language model), 24, 34
logarithmic capacity, 57
logistic map, 12, 19, 24, 29, 33, 41, 45
loss function

adaptive, 96
LZMA compression, 118

Mandelbrot set, 41
map (dynamical systems), 12
Mersenne Twister, 117, 119
Mertens’ theorem, 130
multi-branch function, 21
multiplicative function (random), 86
multiplicative order, 13, 21
Möbius function, 108

Newman polynomial, 107
next-bit test, 119
normal number, 12, 19, 24, 33, 34, 46, 49, 56, 103, 107,

109, 119
simply normal, 45
strongly normal, 58

NPG (non-periodic PRNG), 115
number representation, 6

odometer map, 15
orbit (dynamical systems), 52, 105

partition function, 116
PCG64, 117

PCG64DXSM, 117
period (rational numbers), 15
periodicity

asymptotic, 96
Perron-Frobenius operator, 101
pigeonhole principle, 49, 101
Pisot number, 107
prime race, 85
primorial, 30, 32, 35
PRNG (pseudo-random generator), 24, 33, 34, 46, 115

cryptographically secure (CSPRNG), 117
deterministic, 117
Mersenne Twister, 117
non-periodic, 115
NPG, 115
PCG64, 117
PCG64DXSM, 117
PRNG state, 116
strong PRNG, 15, 71, 117
tests of randomness, 118

Python library
Gmpy2, 34
MPmath, 82, 86
PrimePy, 86
Scipy, 86

quadratic convergence, 33
quadratic dynamical systems, 24, 29, 33, 45
quadratic irrational, 15
quadratic map, 41, 58

base quadratic map, 41
quantization, 103
quantum cryptography, 13, 24, 33, 46
quantum derivative, 21, 84
quantum dynamics, 31, 34, 42
quantum function, 21, 30
quantum map, 13, 24, 33, 46
quantum state, 24, 43, 78, 85, 96
quantum system

quantum convergence, 77
sub-quantum states, 74

R-squared, 86
Rademacher distribution, 86
Rademacher function (random), 86
random number generation (see PRNG), 58
random polynomial, 108
random walk, 20, 84
randomness test, 71
reciprocal distribution, 12, 19, 29
replicability, 71, 111, 115, 116
residue class, 30, 96
Riemann Hypothesis, 78, 82, 131
Riemann zeta function, 74, 82, 105
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root–finding algorithm, 111
run (of same digit), 15
run test, 118

Salem number, 107
scaling factor, 86
seed (dynamical systems), 12
seed (PRNG), 72, 115, 116
seed string, 8, 19, 29, 42

reverse seed, 30
Shapiro polynomial, 107
signal processing, 132
slow growth function, 48
spectral radius, 58
spectral test, 118
spectral view, 43
square root (of a string), 7
square root operator, 29
state (PRNG), 116
state space, 58
stationary process

non-stationary, 43
Stern’s diatomic series, 96
Stirling numbers, 95
stochastic gradient descent, 96
string class, 6
string convergence, 7
swarm optimization, 96
symbolic mathematics, 96
synthetic data, 34
synthetic function, 87
synthetic numbers, 74, 78

Thue-Morse sequence, 107
time series

disaggregation, 131
transfer function, 134
trinomial coefficients, 132
truncation, 6, 19

undecidable, 119
universal property, 111

Weyl criterion (normality), 56, 58
Weyl’s equidistribution theorem, 102

Z-transform, 134

141


